C*-ALGEBRAS OF INFINITE REAL RANK 



A. CHIGOGIDZE AND V. VALOV 

Abstract. We introduce the notion of weakly (strongly) infinite real rank for 
unital C*-algebras. It is shown that a compact space X is weakly (strongly) 
infine-dimensional if and only if C(X) has weakly (strongly) infinite real rank. 
Some other properties of this concept are also investigated. In particular, we 
show that the group C*-algebra C* (F^) of the free group on countable number 
of generators has strongly infinite real rank. 



It is clear that some C*-algebras of infinite real rank have infinite rank in a very 
strong sense of this word, while others do not. In order to formally distinguish 
these types of infinite ranks from each other we introduce the concept of weakly 
(strongly) infinite real rank. Proposition 1.1 characterizes usual real rank in terms 
of infinite sequences of self-adjoint elements and serves as a basis of our definition 
2.1. We completely settle the commutative case by proving (Theorem 2.9) that 
the algebra C(X) has weakly infinite real rank if and only if X is a weakly infinite 
dimensional compactum. As expected, the group C*-algebra C* (F^) of the free 
group on countable number of generators has strongly infinite real rank (Corollary 
2.10). 

I. Preliminaries 

All C*-algebras below are assumed to be unital. The set of all self-adjoint 
elements of a C*-algebra X is denoted by X sa . 

The real rank of a unital C*-algebra X, denoted by tt(X), is defined as follows 
[2]. We say that rr(Jf) < n if for each {n + l)-tuple (xi, . . . , x n+ i) of self-adjoint 
elements in X and every e > 0, there exists an (n + l)-tuple (yi, . . . , y n +i) in X sa 
such that ^22=1 vl i s invertible and ||5^feii( x fc — Vk) 2 \\ < 6 • 

1.1. Alternative definitions of the real rank. It is interesting that the real 
rank can be equivalently defined in terms of infinite sequences. 

Proposition 1.1. Let X be a unital C* -algebra. Then the following conditions 
are equivalent: 

(i) rrpf) < n. 
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(ii) for each (n + 1) -tuple (xi, . . . , x n+ i) in X sa and for each e > 0, there exists 
an (n + 1) -tuple (yi, . . . ,y n +i) in X sa such that Ylk=i Vk i s invertible and 
\\xk — Vk\\ < e f or each k — 1, 2, . . . , n + 1. 

(iii) for any sequence of self-adjoint elements {x^ : i G N} C X sa and for any 
sequence of positive real numbers {e^: i G N} t/iere exz'ste a sequence {yi : i G 

C X sa snc/i £/ia£ 

(a) — 2/» 1 1 < €i, for each i G N, 

(b) for any subset D C N, wift |D| = n + 1, £/ie element J2ieD Hi ^ s Avert- 
ible. 

(iv) /or any sequence of self-adjoint elements {xi : z G N} C X sa and /or any 
e > inere exzsfc a sequence {y^ : % G N} C X sa snca £na£ 

(a) ||xj — 3/» 1 1 < e, /or eac/i i G N, 

(b) /or any subset D C N, win |D| = n + 1, iae element J2ieD Hi i s Avert- 
ible. 

(v) /or any sequence of self- adjoint elements {xi\ i G N} C X sa suc/i £aa£ ||xj|| = 
1 /or eac/z z G N and /or any e > there exists a sequence {yi : i G N} C X sa 
snca £/ia£ 

(a) || Xi — yi\\ < e, for each i G N, 

(b) for any subset D CN, with \D\ = n + 1, the element J2 ieD yf is invert- 
ible. 

Proof, (i) ==>- (ii). Let (xi, . . . ,x n+ i) be an (n+l)-tuple in X sa and e > 0. By (i), 
there exists an [n + l)-tuple (y 1 , . . . , y n+ i) in X sa such that Ylk=l vl * s invertible 

and lES^ifc - Vk) 2 \\ < e 2 - 

Since x k — y k G X sa , it follows ([4, 2.2.4 Theorem]) that (x k — y k ) 2 > for each 

k — 1, . . . , n+ 1. Then, by [4, 2.2.3 Lemma], Y^k=l( x k — yk) 2 > 0. Note also that 
ZEi^i - 2^) 2 - - ?/fc) 2 = ZS^kfa* ~ - 0, k — 1, ... ,n + 1, which 
guarantees that (x k — y k ) 2 < Yl^ii-^^Vi) 2 f° r eacn A; = 1, . . . ,n + l. By [4, 2.2.5 
Theorem], \\x k - y k \\ 2 = ||(x fc -y fc ) 2 || < - J/i) 2 || < e<2 - Consequently, 

\\x k - y k \\ < e, k — 1, . . . , n + 1. This shows that condition (ii) is satisfied. 

(ii) =>- (iii). Suppose rr(X) < n and let {x.i \ i G N} C X sa and {e;: i G N} be 
sequences of self-adjoint elements of X and positive real numbers, respectively. 
Denote by N n+ i the family of all subsets of N of cardinality n + l. For every i G N 
and D G N n+i let Hi = {x G X sa : ||x - < 2 _1 ej} and H D = Y[{Hi ■ i G D} 
be the topological product of all Hi, i G D. We also consider the topological 
product H = Y[{Hi : « G N} and the natural projections n D : H — > if^. Define 
the continuous maps D : ^ -> ^, -2i 2 , ••, ^ n+i ) = Y^=i D e ^n+i- 

Since the real rank of X is n, Lemma 3.1(h) yields that (jyj^~{G) is dense (and, 
obviously, open) in X® a for every D G N n+ i, where G is the set of all invertible 
elements of X. The last observation implies that each set G D = (f)~^(G) D H D 
is open and dense in H D . Consequently, each Ud = 71 "z) 1 (G'd) is open and dense 
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in H because the projections ttd are continuous and open maps. Finally, using 
that H (as a product of countably many complete metric spaces) has the Baire 
property, we conclude that the intersection U of all Ud is non-empty. Take any 
point (t/i) from U. Then j/j G Hi, so yi G X sa and \\xi — yA\ < 2~ 1 e i < ej for every 
i G N. Moreover, for any D G N n+ i the point yo = {yi)ieD belongs to Gc, hence 
YLiUi '■ i e D} is invertible. 

Implications (iii) =>• (iiv) and (iv) ==>- (v) are trivial. 

(v) ==>- (i). Let (xi, . . . , x n+ i) be an {n + l)-tuple of non-zero self-adjoint 
elements in X and e > 0. Consider the sequence {x^ of self-adjoint elements of 
X, where 

{Xi 
j — - , if i < n + 1 ; 
Fill 
1, if i > n + 1. 

By (iv), there exists a sequence {t/j : i G N} of self- adjoint elements of X such 

that vf i s invertible and llx, — yA\ < — — - 7 for each 

max{||xi|| : i = 1, . . .n + 1} 

iGN. Now let = ||xj|| ■ y i: i E N. Then for every i < n + 1 we have 

1 1 2/^11 1 1 1 1 ^fc 1 1 ' ^ 1 1 II 1 1 II II ' W^i Ui 1 1 ^ 

II II 6 <- 

max{||xj|| : z = 1, . . . n + 1} 

>n+i 



The invertibility of Y^i=i vt ls equivalent to the validity of the equation 1 

n+1 

Y^Ji=i z iVi f° r a suitable (n+l)-tuple (z±, . . . , 2,1+1) ■ Clearly 1 = * "11^11^ 



n+1 

Zi 



TT~T ' which in turn implies the invertibility of Y17=i vl- ^ 



=i .1* 



1.2. Bounded rank. For the readers convenience below we present definitions 
and couple of results related to the bounded rank. Details can be found in [3]. 

Definition 1.2. Let K > 0. We say that an m-tuple . . . , t/ m ) of self-adjoint 
elements of a unital C*-algebra X is K-unessential if for every rational 5 > 
there exists an m-tuple (zi, . . . ,z m ) of self-adjoint elements of X satisfying the 
following conditions: 

(a) \\y k — Zk\\ < 6 for each k — 1, . . . ,m, 

(b) The element Y^k=i z l ^ s invertible and (J2k=i z l) 1 — ~F? — To- 

ri ■ 

1-unessential tuples are referred as unessential. 

Definition 1.3. Let K > 0. We say that the bounded rankoi a unital C*-algebra 
X with respect to K does not exceed n (notation: br^(X) < n) if for any (n+ 1)- 
tuple (xi, . . . , £n+i) of self-adjoint elements of X and for any e > there exists a 
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K- unessential (n + l)-tuple (yi, . . . , y n+ i) in X such that \\xk — yk\\ < e for each 
k — 1, . . . ,n + 1. For simplicity hi^X) is denoted by br(X) and it is called a 
bounded rank. 

Proposition 1.4. Let (yi, ■ ■ ■ ,y m ) be a commuting m-tuple of self- adjoint ele- 
ments of the unital C* -algebra X. If YllLiVi * s invertible, then (y±, . . . ,y m ) is 
K -unessential for any positive K < 1. 

Corollary 1.5. Let X be a commutative unital C* -algebra andO < K < 1. Then 
biK^X) = rr(X) = dimQ(X), where Q(X) is the spectrum of X . 

2. Infinite rank 

We begin by presenting the definition of weakly infinite real rank. 

2.1. Weakly (strongly) infinite real and bounded ranks. 

Definition 2.1. We say that a unital C* algebra X has a weakly infinite real 
rank if for any sequence of self-adjoint elements {xi : i G N} C X sa and any e > 
there is a sequence % E N} C X sa such that \\xi — yi\\ < e for every i G N 
and the element J2ieD vl ^ s invertible for some finite set D of indices. If X does 
not have weakly infinite real rank, then we say that X has strongly infinite real 
rank. 

The bounded version can be defined similarly. 

Definition 2.2. Let K > 0. A sequence of self-adjoint elements of a unital 
C*-algebra is K-unessential if it contains a finite ^-unessential (in the sense of 
Definition 1.2) subset. 

Definition 2.3. Let K > 0. We say that a unital C* algebra X has a weakly 
infinite bounded rank with respect to K if for any sequence of self-adjoint elements 
{xi : % G N} C X sa and any e > there is a i^-unessential sequence {yi : % G N} C 
X sa such that \\xi — y^\\ < e for every i G N. If X does not have weakly infinite 
bounded rank, then we say that X has strongly infinite bounded rank. 

For future references we record the following statement. 

Proposition 2.4. Every unital C* -algebra of a finite real rank has weakly infinite 
real rank. 

Proof. Apply Proposition 1.1. □ 

Note that, as it follows from Proposition 2.12, the converse of Proposition 2.4 
is not true. 

Proposition 2.5. Let f : X — > Y be a surjective *-homomorphism of unital C*- 
algebras. If X has weakly infinite real rank, then so does Y. 
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Proof. For any sequence of self-adjoint elements {(/;:«£ N} C Y sa and for any 
e > we need to find a sequence {zi: i G N} C Y sa such that 

(i) y ||yj — < e for every i e N, 

(ii) y for some A; > 1 the element Ei=i z f l& invertible. 

For every i G N let X{ be a self-adjoint element in X such that /(xj) = y^. Since 
X has weakly infinite real rank, there exists a sequence {wi : i G N} of self-adjoint 
elements in X such that 

(i) x — < e for every i G N, 

(ii) x the element Ei=i w 2 is invertible for some > 1. 

Let Zi = f(wi), i G N. Clearly z { G Y sa and - Zi\\ = \\f(xi) - f(wi)\\ = 
\\f(xi — Wi)\\ < \\xi — < e for each z G N. By (ii)x, there exists an element 
a G X such that a ■ Ei=i w i 

invertible. □ 



1. Clearly /(a) • £ 



/(«) • Ei=i 



Ei=i "^j 2 ) = /(-*-) = 1 which shows that Ei=i 



2;? is 



Proposition 2.6. Let K > and /: X — > Y be a surjective *-homomorphism 
of unital C* -algebras. If X has weakly infinite bounded rank with respect to K, 
then so does Y . 

Proof. For a sequence : i G N} of self-adjoint elements in Y and e > choose 
a sequence {x^: i G N} C X sa such that f(xi) = yi for each i 6 N. Since X 
has weakly infinite bounded rank with respect to X, there exists a X-unessential 
sequence {wi \ i G N} C X such that \\xi — Wi\\ < e for each j G N. We claim 
that {zj = /(tfj) : i G N} is a X-unessential sequence in y. Indeed, let 6 > be 
a rational number. Since {wi : i G N} is X-unessential in X, there exists a finite 
subset DCN and a D-tuple (si) i6D such that 



(ii)x 



Si|| < 5 for each i <E D; 



(J2i£D S "i) 



-1 



< 



X-o" 2 ' 



Now consider the D-tuple (r^ = f(si)) ieD . Clearly 



Zi -n|| < - /(Sj 



/ (E 



ieD 



< \\f(w 



< Wi - Si 



< 



< 



< 5 for each i <E D; 
1 



X-o" 2 ' 



Proof is completed. 



□ 



Proposition 2.7. Let K > 0. // £/ie unital C*-algebra X has weakly infinite 
bounded rank with respect to K , then it has weakly infinite real rank. 

Proof. Let {xi : i G N} be a sequence of self-adjoint elements in X and let e > 0. 
Take a X-unessential sequence {yf. i G N} in X such that \\xi — yi\\ < - for 
each i G N. Since : « G N} is X-unessential, it contains a finite X-unessential 
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subset {i/i : i G D}, D C N. As in the proof of Proposition 4.6, there exists a 
D-tuple (zi)ieD such that 

(i) — 2j|| < 5 for each i <E D, 

(ii) XlieD ^ i s invertible, 

Clearly, \\xi — Zi\\ < — Vi\\ + \\yi — Zi\\ < — I — = e, i G D. According to (ii), 

J2ieD z f * s invertible, which shows that A has weakly infinite real rank. □ 

Corollary 2.8. // a unital C* -algebra has strongly infinite real rank, then it has 
strongly infinite bounded rank with respect to any positive constant. 

2.2. The commutative case. If A is a finite-dimensional compact space, then, 
according to Corollary 1.5, rr(C(A)) = bri(C(A)) = dimA for any positive 
K < 1. Our next goal is to extend this result to the infinite-dimensional situation. 

First, recall that a compact Hausdorff space A is called weakly infinite- dimen- 
sional [1] if for any sequence {(Fi, Hi) : i G N} of pairs of closed disjoint subsets 
of A there are partitions Li between Fi and Hi such that HSi = 0- Here, 
Li C A is called a partition between Fi and Hi if Lj is closed in A and A\L« is 
decomposed as the union Ui U Vi of disjoint open sets with Fi C £/, and Hi C Fj. 
Since A is compact, C)^ Lj = is equivalent to P)*L 1 L; = for some A; G N. If 
A is not weakly infinite-dimensional, then it is strongly infinite-dimensional. 

A standard example of a weakly infinite dimensional, but not finite-dimensional, 
metrizable compactum can be obtained by taking the one-point compactification 
a (©{IP: n G N}) of the discrete union of increasing dimensional cubes. The 
Hilbert cube Q is, of course, strongly infinite-dimensional. 

Theorem 2.9. Let X be a compact Hausdorff space and < K < 1. Then the 
following conditions are equivalent: 

(a) C(A) has weakly infinite bounded rank with respect to K; 

(b) C(A) /ias weakly infinite real rank; 

(c) A weakly infinite- dimensional. 

Proof. (a)=^(b). This implication follows from Proposition 2.7 (which is valid 
for any - not necessarily commutative - unital C*-algebras). 

(b)=^(c). Suppose that C(A) has a weakly infinite real rank. Take an arbi- 
trary sequence {(-Bj, Ki) : % G N} of pairs of disjoint closed subsets of A and define 
functions f: X — > [—1,1] such that fi(Bi) = —1 and fi(Ki) = 1 for every z G N. 
Then, according to our hypothesis, there is a sequence {^ : i G N} C C(X) of real- 
valued functions and an integer k with \\f — gi\\ < 1, i G N, and Yli=i9i( x ) > 
for each x G A. If Cj denotes the set ^"^O), the last inequality means that 
C\i=i Ci = 0- Therefore, in order to prove that A is weakly infinite-dimensional, 
it only remains to show each Cj is a separator between Bi and Aj. To this end, 
we fix % G N and observe that — Qi\\ < 1 implies the following inclusions: 
gi (Bi) C [-2,0), gi (Ki) C (0,2] and ^(A) C [-2,2]. So, A\Q = ^ U ^, where 
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Ui = 5 - 1 ([-2,0)) and V t = g^((0,2]). Moreover, B, C U, t and ^ C V h i.e. Q 
separates 5j and Ki. 

(c)=^(a). Let us show that the weak infinite-dimensionality of X forces C(X) 
to have a weakly infinite bounded rank with respect to K. To this end, take any 
sequence {/j : i G N} C C(X) of real- valued functions and any positive number e. 
It suffices to find another sequence {gi : i G N} of real-valued functions in C(X) 
such that \\fi — gi\\ < e for every i G N and YliLi 9i( x ) > f° r every x £ X 
and some m G N. Indeed, if 9i( x ) > f° r every x G X, then the function 
flf i s invertible. This, according to Proposition 1.4, is equivalent to the 
fT-unessentiality of the m-tuple (gi, . . . , # m ). On the other hand, YlT=i 9i( x ) > ® 
for each x G X if and only if flUi fi^ 1 ^) = 0- Further, since X is compact, 
the existence of m G N with fXiLid^i®) = is equivalent to n^ifi'i" 1 ^) = 0. 
Therefore, our proof is reduced to constructing, for each i G N, a function 
which is e-close to and such that the intersection of all (/~ 1 (0)'s, i 6 N, is 
empty. 

For every % G N let q = inf{/j(x) : x G X} and = sup{/j(:r) : x G X}. We 
can suppose, without loss of generality, that each interval (q, dj) is not empty 

and contains 0. For every i we choose r\i > such that rji < — and Lj = 

[ — 77^, ?7i] C (ci,di), i G N. Let Q = n^ifo;^], = Et^i L i be the topological 
products of all [cj,dj]'s and Lj's, respectively. Consider the diagonal product 
/ = A{fi : % G N} : X -> Q and note that # = f|~i where if = / _1 (Qo) and 
if; = /j _1 (Lj) for each i G N. We also consider the sets 

F~ = f-Wci-m]) and F+ = /^([i*,*]), i G N. 

Since H is weakly infinite-dimensional (as a closed subset of X), by [1, Theorem 
19, §10.4], there is a continuous map p — (pi,p 2 , ■ ■ ■)'■ H — > Qo and a pseudoin- 
terior point 6 = {bi : z G N} G Qo (i- e - each &j lies in the interior of the interval 
Li) such that 

b^p(H), F rnHcp; l ({- Vt }), and^n^Cft 1 ^}),^!. 

Since each bi is an interior point of L; L = [ — 77^, 77^] , there exists homeomorphisms 
Si'. Li — > Lj which leaves the endpoints — 7/j and r/i fixed and such that Si(bi) = 0. 
Let s = A{si: i G N}: Qo - *• Qo and q = sop. Obviously s(b) = and G" q(H), 
where denotes the point of Qo having all coordinates 0. Further observe that 
if qi = %i o g, where : Qo - ► -^i denotes the natural projection onto the «-th 
coordinate, then 



^-nffCg^H,}) and ^nFc^fe}), % G N. 
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Therefore, each i G N, is a function from H into Lj satisfying the following 



condition: qi {F~ (1 H) = fi(F~ n if,) = and qi (F+ f] H) — fi(F+ n if,) = Tfc. 



Let /ij : Hi ^ Li be an extension of % z G N. Note that the restrictions of hi and 
fi onto the sets F~ D and Fj + D ii/j coincide. Finally, define gi : X — > [q, dj] by 



To finish the proof of the "if part, we need to show that gi(x) is e-close to fi(x) 
for each % G N and rr G X, and that f]^i 5'i" 1 (0) — 0- Since ^ and /j are identical 
outside Hi, the first condition is satisfied for x ^ Hi. If x £ H i} then both fi(x) 
and g'i(x) belong to Lj, so again — <7i(a;)| < e. To prove the second condition, 
observe first that x G" H implies x G" Hj for some j. Hence, gj(x) = fj(x) G" Lj, 
so gj(x) 7^ 0. If x G ff, then <7j(z) = (&(:r) for all i and, because G^ <z(-H"), at 
least one gi(x) must be different from 0. Thus, ^ rl (0) = 0- □ 

Let C* (Fqo) denote the group C*-algebra of the free group on countable number 
of generators. It is clear that rr (C* (F^)) > n for each n. Our results imply much 
stronger observation. 

Corollary 2.10. The group C* -algebra C* (Fqo) of the free group on countable 
number of generators has strongly infinite real rank. 

Proof. It is well known that every separable unital C*-algebra is an image of 
C* (Fqo) under a surjective *-homomorphism. In particular, there exists a surjec- 
tive *-homomorphism /: C* (Fqo) — > C(Q), where Q denotes the Hilbert cube. It 
is well known (see, for instance, [1, §10.5]) that the Hilbert cube Q is strongly in- 
finite dimensional. By Theorem 2.9, C(Q) has strongly infinite real rank. Finally, 
by Proposition 2.5, real rank of C* (Fqo) must also be strongly infinite. □ 

Proposition 2.11. Let X and Y be unital C* -algebras with weakly infinite real 
rank. Then X © Y also has weakly infinite real tank. 

Proof. Let {(xi, yi) : % G N} be a sequence of self-adjoint elements of X © Y and 
e > 0. Since both X and Y have weakly infinite reak rank there exist sequences 
{zi\ i G N} and {wi \ i G N} of self-adjoint elements of X and Y respectively 
such that 

(i) \\xi — Zi\\ < e for every i G N; 

(ii) \\yi — Wi\\ < e for every i G N; 

(iii) for some n > 1 the element X^Li z t * s invertible; 

(iv) for some m > 1 the element Y^Li w 1 ls invertible. 

Without loss of generality we may assume that n > m. Obviously, according 
to (iv), Yli=i w i * s a ^ so invertible. Next consider the sequence {(zi,Wi): i G 



letting 
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N}. Note that \\(xi, yi) - (z h Wi)\\ = \\(xi - Zi,yi - Wi)\\ = max{||xi - ^||, \\y t - 
< e and that, according to (iii) and (iv), Yl^ii 2 ^ w i) 2 = Y^=i( z h w f) 18 
also invertible. □ 

Next statement provides a formal example of a unital C*-algebra of weakly 
infinite, but not finite real rank. 

Proposition 2.12. Let X = a (©{/": n G N}) be the one-point compactification 
of the discrete topological sum of increasing-dimensional cubes. In other words, 
C(X) = n{C(^ n ) : ^ G N} (here Y[ stands for the direct product of indicated 
C* -algebras) . Then C(X) has weakly infinite, but not finite real rank. 

Proof. Obviously X is countably dimensional and hence, by [1, Corollary 1, 
§10.5], it is weakly infinite dimensional. By Theorem 2.9, C(X) has weakly 
infinite real rank. It only remains to note that rr(X) > n for any n G N. □ 

In conclusion let us note that there exist non-commutative C*-algebras with 
similar properties (compare with Corollary 2.10). 

Corollary 2.13. There exist non- commutative untal C* -algebras of weakly infi- 
nite, but not finite real rank. 

Proof. Let X be as in Proposition 2.12 and A be a non-commutative unital 
C*-algebra of a finite real rank. According to Propositions 2.4 and 2.11, the 
product C(X) © A has weakly infinite real rank, It is clear that C(X) © A is 
non- commutative and does not have a finite real rank. □ 
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